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H I G H - S P E E D  GAS M O T I O N  IN A P O R O U S  M E D I U M  

A. P .  E r s h o v  UDC 532.546 

The problems of motion of a gas in a porous medium have been solved repeatedly,  s tart ing with the work 
of L. S. Leibenzon, and mainly relating to fil tration of gas in beds. Reference [ 1] has reviewed this topic. As 
a rule, the Darcy res is tance  law is used, valid for small  flow velocities.  Even in this formulation the gas com- 
pressibi l i ty  leads to nonlinearity. Therefore,  very  few exact solutions of unsteady problems have been ob- 
tained, and mainly to s imi lar i ty  problems [2-4].  

There is present ly  an interest  in high-speed gas flow, associated with the development of investigations 
of two-phase reacting systems.  In two-phase detonation or  fast  convective combustion [5, 6], the relative 
speed of the gas and the part icles  can reach several  hundred mete rs  per second. To understand these p roces -  
ses and monitor  numerical  solutions in their modeling it is desirable to have accurate  solutions of the un- 
steady equations. For  the problem of expulsion of a gas f rom a porous medium the author has obtained asymp-  
totic solutions describing the flow at sufficiently large time values. 

1. Statement of the Problem. Ahead of the combustion front in a two-phase sys tem there is a flow region 
with no chemical react ion (the fil tration zone or  the air  plug). The friction between the gas and the par t ic les  
in this region is overcome by the dynamic head of f resh combustion products.  

We turn now to the following statement of the problem. A " l iquid"  piston, permeable for par t ic les  and 
impermeable  for the gas, is moving according to a given law in a porous medium. We require  to find the mo- 
tion of the gas ahead of the piston. 

We assume that there is negligible motion of the part icles  because of the strength of the solid or the high 
density. The Darcy law does not hold for high speed motion. In the free charge of par t ic les  of d iameter  1 mm 
and flow velocity- 100 m / s e e  the Reynolds number based on d iameter  is on the o rder  of 104. Therefore ,  the 
main contribution to the interphase interaction does not come f rom the viscosity,  but f rom the inertia of fine- 
scale gas flows. The real  res is tance  law is quadratic, and we shall write it in the form f = A~u2/d, where u is 
the gas velocity; r is the porosity;  d is the part icle  diameter;  and A is a coefficient on the order  of 1, de- 
pending on the porosi ty  and the s t ructure  of the void space. 

Since the part icles  are  at  rest ,  the porosi ty  is constant. The basic equations for the gas have the form 
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p~ + (pu)x = 0, (pub + ( p u % +  <pSu~>~ + p~ = -pllO,, (1.1) 
.(p(E + u=/2 + K))t + (9u(E + u2/2 -~ K) + pu)x + Wx = --q/O,: 

W = <p~u(~)I + ufu  + K)>, I = E + p/p. 

Here,  in ana logy  with [7] ,  0 is  the dens i ty ,  a v e r a g e d  ove r  a " r e p r e s e n t a t i v e "  s m a l l  gas vo lume;  u, E, 
I a r e  the bu lk  quan t i t i e s ;  the a v e r a g e  su r f ace  p r e s s u r e  is  .p; q is  the hea t  t r a n s f e r .  The equa t ions  take ac -  
count  of the f luc tua t ion  of m o m e n t u m  t r a n s f e r  ( 06u e ) and the ene rgy  K of the f luc tua t ing  mot ion .  U sua l l y  

these  f luc tua t ions  a r e  neg lec ted  in ca l cu l a t i ons  [8, 9].  However,  a l though the vo lume of the so l id  phase  f r a c -  
t ion (1 - {b) is not s m a l l ,  the gas moves  a long v e r y  winding channe l s ,  and the f luc tua t ions  wil l  be on the o r d e r  
of the quan t i t i e s  t h e m s e l v e s .  T h e r e f o r e ,  in the porous  m e d i u m  one m u s t  al low for  the f luc tua t ions  in  al l  e a se s  
where  one has to ca l cu l a t e  the i n e r t i a  t e r m s  and the k ine t i c  e n e r g y  of the m e a n  mot ion.  

F o r  " s m o o t h "  flows where  the c h a r a c t e r i s t i c  sca le  L >> d and the c h a r a c t e r i s t i c  t ime  T >> d /u ,  the 
t ime  for  flow over  a g r a in ,  one n a t u r a l l y  expec ts  tha t  

.(96U 2> = 61QU z, K : 6,~/./,g/2, W : ~3~)u 3, (1.2) 

where the coefficients 51, 52 and 53, which depend on the geometry of the structure and the porosity, are of 

order I, In this case one can neglect the inertia terms and the fluctuations: 

p~ + (pu)~ = o ,  px = -p]/O, pt + 7(pu)~ = - ( 7  =- t)q/O. (1.3) 

Equat ions  (1.3) a r e  typ ica l  for f i l t r a t i on  p r o b l e m s  a l lowing for  heat  r e m o v a l .  The gas  is c o n s i d e r e d  p e r -  
fect  with ad iaba t ic  index y.  Here  the i nequa l i t i e s  

p N Lpf/O = Apt~L/d >> pu2~ E = P/(7 --  l)p >> u~/2, K 

a r e  val id .  

We move the " I i q u i d "  p i s ton  with cons t an t  ve loc i ty  v in  a m e d i u m  that  is  i n i t i a l l y  at  r e s t .  Below we con-  
s i d e r  two l i m i t i n g  c a s e s :  1) a cons t an t  t e m p e r a t u r e  gas (per fec t  heat  r e m o v a l  and l a r ge  spec i f ic  heat  of the 
p a r t i c l e s ) ;  2) ze ro  heat  r e m o v a l  (the heat  of i n t e r p h a s e  f r i c t i on  goes to hea t ing  of the gas ) .  

C lea r ly ,  the i s o t h e r m a I  case  c o r r e s p o n d s  to r a t h e r  low ve loc i t i e s  when hea t  t r a n s f e r  can occur .  Th i s  ap-  
p r o x i m a t i o n  is well  known in  f i l t r a t i on  theory .  On the o the r  hand, one can neg lec t  heat  t r a n s f e r  a t  high ve loe i -  

t ies .  

2. I s o t h e r m a l  P r o b l e m .  At cons t an t  t e m p e r a t u r e  p = c2o (e is  the i s o t h e r m a l  sound speed) .  This  r e l a -  
t ion m u s t  be used  in  l i eu  of the e n e r g y  equat ion.  F o r  c o m p a r a t i v e l y  s m a l l  ve loc i t i e s  it  makes  s e nse  to c o n s i d e r  
a t w o - t e r m  r e s i s t a n c e  law: 

]/O = --Au2/d --  bu. 

At the p i s ton  ( f o r x = v t )  u = v , p ( x ,  0) = o ( * , t )  = Oo, U(~o, t )  = 0. We sha l l  seek  0 and u in  the f o r m  
p = 001R(~, r ) ,  u = vU (~, r ) ,  where  ~ = ( x -  v t ) / L  is the d i m e n s i o n l e s s  coord ina te  in the p i s ton  sy s t e m;  T = 

v t / L  is  the d i m e n s i o n l e s s  t ime ;  and L = ( c /v )2d /A  is  the c h a r a c t e r i s t i c  sca le  of the flow. F r o m  s y s t e m  (1.3) 
we obta in  

R~ - R~ + (RU)~ -- o, Rd'R = - u ( g  + a)~ 

where  c~ = bd /Av .  E l i m i n a t i n g  tl we have the equa t ion  for  the ve loc i ty :  

og = _ y (  ~_ o u(v_4_a)dr  I (2.1) 

We a r e  i n t e r e s t e d  in the so lu t ion  for  l a rge  va lues  of t ime  r .  Of c ou r se ,  h e r e  we cannot  obta in  s t r i c t l y  
s t e a d y - s t a t e  condi t ions .  If we omi t  the dependence  on t ime ,  then a t  the p i s ton  for  U = 1 we have 0U/0~ = 0 and 
U = 1. We can ob ta in  the s t e a d y - s t a t e  so lu t ion  if  we impose  the condi t ion  U = 1, not  at  the p i s ton  (~ = 0), but  
for  ~ = - r162 This  f o r m u l a t i o n  was c o n s i d e r e d  in [4].  

However ,  in s o m e  s e n s e  the p r o b l e m  has a l m o s t  a s t e a d y - s t a t e  so lu t ion ,  in which the t i m e  dependence  is  
a p p r e c i a b l e  only fo r  U ~-- 1, i .e . ,  n e a r  the p is ton .  We sha l l  pos tu la te  that the equal i ty  

r 

" 0  U -g~ I ( U - I - a ) d ~ =  BU (U-4-a)/'~ (2.2) 
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ho lds ,  with an  a c c u r a c y  up to s m a l l  quan t i t i e s  ~7 -2. 
account of Eq. (2.2) we can easily integrate Eq. (2.1). 

in (B -{- B--2 U---~) In \t---@--~/ lnU 

~ 'or  ~ = 0 ( p u r e l y  q u a d r a t i c  r e s i s t a n c e  l aw)  

~= in(B+ ~ U-~)/(I -j- B/'~)~'+ ( I /U- - I ) / ( I  + BPO. 

He re  B i s  a c o n s t a n t  c o e f f i c i e n t  a s  ye t  unknown. Tak ing  

a (1 + B/'~) " 

Using t h e s e  so lu t ions  we ob ta in  
o o  

The d e n s i t y  is  e x p r e s s e d  by  the f o r m u l a  

B + x  
1l = B:-[- T--: u~ ' R (~ = O, .~) = i + -c/B. 

A c h e c k  tha t  the h y p o t h e s i s  of Eq. (2.2) ho lds  in the  so lu t i on  ob t a ined  g i v e s  

o y U  u ( u + ~ )  W ( U + ~ ) d ~ =  ~(~+~)  ~-0(~-2), 

whence B = 1/(1 + a ).  The  s a m e  r e s u l t  i s  ob ta ined  f r o m  the cond i t ion  tha t  the  m a s s  of  gas  u n d e r g o i n g  c o m b u s -  
t ion  is  c o n s e r v e d :  

0 

with an  a c c u r a c y  up to t e r m s  of  0 ( I ) .  

F i g u r e  I shows  the p r o f i l e s  of U and t t  fo r  ~ = 0.01 (a s m a l l  c o n t r i b u t i o n  of  the l i n e a r  r e s i s t a n c e )  for  
the  t i m e s  7 --- 10; 102; 103 ( cu rves  1-3,  r e s p e c t i v e l y ) .  As  t i m e  g o e s  on the p r o f i l e  of  v e l o c i t y ,  whi le  b a s i c a l l y  
r e t a i n i n g  i t s  shape ,  m o v e s  " l o g a r i t h m i c a l l y "  ahead ,  so tha t  the s i z e  of the  p e r t u r b e d  r e g i o n  i s  c l o s e  to In T. 
In th is  r e g i o n  the d e n s i t y  f a i l s  off e x p o n e n t i a l l y  wi th  the  c o o r d i n a t e ,  and i n c r e a s e s  p r o p o r t i o n a l l y  with t ime .  

I nc lu s ion  of  the i n e r t i a l  t e r m s  in  the m o m e n t u m  equa t ion  l e a d s  to the a p p e a r a n c e  of d i s c o n t i n u i t i e s  i f  the  
wave s p e e d  e x c e e d s  c. I t  i s  dubious  tha t  the i s o t h e r m a l  f e a t u r e  can  be  p r e s e r v e d  u n d e r  t h e s e  cond i t ions ,  and 
we sha l I  not  a n a l y z e  th is  c a s e  in d e t a i l .  

3. Z e r o  Heat  R e m o v a l .  F o r  s y s t e m  (1.1) we s e e k  a so lu t ion  in the f o r m  of a wave  in  which  p = cons t ,  
u = v. We s h a l l  p o s t u l a t e  tha t  the f luc tua t ion  t e r m s  a r e  func t ions  of the m e a n  v e l o c i t y  u and the d e n s i t y  0, e .g . ,  
in  a c c o r d a n c e  with  Eq.  (1 .2) .  The  f i r s t  equa t ion  ho lds  a u t o m a t i c a l l y ,  and  the  s y s t e m  i s  s i m p l i f i e d :  Px = - 

pAv2/d, Pt + yVPx = 0. 

It can  be  s e e n  tha t  the wave  f r o n t  v e l o c i t y  is  D = y v  and tha t  the d e p e n d e n c e  of  p ( x )  i s  l i n e a r .  The  d e n -  
s i ty  and p r e s s u r e  in the wave a r e  e x p r e s s e d  by  the f o r m u l a s  

p =  �9 
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A solution exists in the region between the piston x = vt and the wave front x = yvt. The maximum pres- 
sure at the piston grows linearly with time. A continuation of the formulas (3. I) to x = 0 gives a solution of 

the problem of blowing of gas into a semispaee at constant rate. We can obtain the steady-state solution if the 
piston moves with velocity 7v and is partially permeable for the gas. 

The solution (3.1) is applicable for sufficiently long waves (vt >> d). Near the front there is a transition 
region of width on the order of the particle diameter in which there is a flow adjustment from a state of rest 
to the steady solution (3.1). For a subsonic wave front velocity the transition is smooth, and a discontinuity 
arises for supersonic velocity. A detailed investigation of this situation is inappropriate until one establishes 
relations for the fluctuations in thezone of abrupt flow variations. In the same region we develop the constant 
term P0 ~ P v2, which can be neglected for long waves. 

The results of this section with the obvious changes hold for any resistance law of the form f(p, u). 

4. Application of the Solutions Obtained. The isothermal problem may be of interest for classical filtra- 
tion applications (expulsion of a gas by a liquid). 

We can neglect heat removal from the gas under the condition Pt >> (7 - l)q/~. 

Using Eq. (3.1) we can show that the process time t must be much less than the largest of the two char- 
acteristic times: 

t ,  : (Re P r / N u ) ( d / v ) ,  t 2 = (pC/psCs)2(d2/z~),:  

w h e r e  Nu is  the N u s s e l t  n u m b e r ;  Ps ,  Cs,  •s a r e  the d e n s i t y ,  s p e c i f i c  h e a t  and  t h e r m a l  d i f f u s i v i t y  of  the  p a r t i -  
c l e s .  E s t i m a t e s  show tha t  fo r  d = 1 ram,  v = I k i n / s e e  t 1 and t 2 a r e  r ough ly  30 ~ s e c ,  i . e . ,  the h e a t  t r a n s f e r  b e -  
c o m e s  a p p r e c i a b l e  when the wave p a s s e s  o v e r  s e v e r a l  t ens  of g r a i n s .  Thus ,  the a d i a b a t i c  so lu t ion  (3.1) is  
l i m i t e d  with r e s p e c t  to t i m e  both  be low ( t ime  to flow o v e r  the p a r t i c l e )  and above  ( t ime  f o r  hea t  t r a n s f e r ) .  

In an e x p e r i m e n t  [6] a " p r e c u r s o r "  was o b s e r v e d  with a l i n e a r  p r e s s u r e  i n c r e a s e  fo r  a l o w - s p e e d  
(D ~- 1 k i n / s e e  ) t w o - p h a s e  de tona t ion .  It i s  p o s s i b l e  that  th i s  zone i s  an a i r  s lug  which p u s h e s  a " p i s t o n "  of  
r e a c t i o n  p r o d u c t s .  Th is  e x p l a n a t i o n  a g r e e s  wel l  with the e x p e r i m e n t  i f  the f r i c t i o n  coe f f i c i en t  A i s  c l o s e  to 1. 
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